We survey recent results on the structure of the range of the derivative of a smooth mapping f between two Banach spaces X and Y . We recall some necessary conditions and some sufficient conditions on a subset A of ᏸ(X,Y ) for the existence of a Fréchet differentiable mapping f from X into Y so that f (X) = A. Whenever f is only assumed Gâteaux differentiable, new phenomena appear: for instance, there exists a mapping f from 1 (N) into R 2 , which is bounded, Lipschitz-continuous, and so that for all x, y ∈ 1 (N), if x = y, then f (x) − f (y) > 1.
Introduction
The purpose of this work is to survey recent results obtained on the structure of the set of derivatives of a smooth function. Let X,Y be separable Banach spaces such that dim(X) ≥ 1 and let f : X → Y be a mapping differentiable (in a sense to be specified later) at every point of X. We are interested in the structure of the range of the derivative of f , that is, in the set f (X) = { f (x); x ∈ X} ⊂ ᏸ(X,Y ). Several notions of differentiability can be considered. We say that f is Gâteaux differentiable at x ∈ X provided that there exists T ∈ ᏸ(X,Y ) such that for each h ∈ X,
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In [3] , Azagra and Jiménez-Sevilla constructed an example of a Ꮿ 1 -smooth function on 2 so that the norm interior of f ( 2 ) is empty in 2 . Elements of can be very large: it was noticed in [1] that whenever X is an infinitedimensional Banach space with separable dual, there exists a Ꮿ 1 -smooth real-valued function on X with bounded support and such that f (X) = X * . On the other hand, it was observed in [4] that if X and Y are separable Banach spaces and if X is infinite dimensional, one can always find a Gâteaux differentiable function f : X → Y such that f (X) coincides with ᏸ(X,Y ).
We recall that sufficient conditions on a subset A of a dual Banach space X * so that it is the range of the derivative of a real-valued function on X which is Fréchet differentiable at each point have been obtained in [2, 5, 6, 10] . We recall here the results of [2] .
In order to study in finite-dimensional Banach spaces, we first introduce some definitions. Let A ⊂ X * be arcwise connected, and let x, y ∈ A. We define a distance in A by the following formula:
and a measure of precompactness of A for the distance d A is defined by the following indices:
It is easy to see that whenever X is finite dimensional, an element of is compact, arcwise connected, and 0 lies in its interior. Azagra, Fabian, and Jiménez-Sevilla proved the following theorem. 
The structure of for infinite-dimensional Banach spaces has been investigated by [2] , and then improved in [9] . Recall that a metric space A is said to be analytic if there exists a mapping ϕ : N N → A which is continuous and onto. Whenever X is infinite dimensional, an element of is analytic, arcwise connected, and 0 lies in the interior of its norm closure. (1) for all x ∈ A, there exists γ :
Then (1)⇒(2)⇒(3).
502 Range of the derivative of a smooth mapping
The structure of the range of f whenever f is Lipschitz continuous has been investigated in [11] . We denote
Note that the existence of a Ꮿ 1,1 -smooth bump on X is a strong condition on X. It implies that X is superreflexive. This condition is satisfied for instance in L p spaces for 2 ≤ p < +∞.
The condition A ∈ 1 is very restrictive in finite dimensions, as shown by the following necessary condition obtained by Gaspari. We first introduce some definitions. Let A ⊂ X * be arcwise connected, and let x, y ∈ A. We define a distance in A by the following formula:
and a measure of precompactness of A for the distance δ A is defined by the following indices:
We now give a sufficient condition on a set A so that A ∈ 1 
Is the range of f connected?
Whenever f : X → R is everywhere Fréchet differentiable, this question was answered by J. Malý in 1996. There exists a mapping f from R 2 into R 2 , Fréchet differentiable at each point, and so that the cardinal of {det( f (x)); x ∈ R 2 } is 2. Therefore f (R 2 ) is not connected. Consequently, there is no analog of Malý's theorem for vector-valued mappings. Such an example was communicated to us by J. Saint-Raymond: take f (x, y) = (x 2 √ y cos 1/x 3 , x 2 √ y sin1/x 3 ) whenever (x, y) = (0,0) and f (0,0)=(0,0). In this case, we have {det( f (x)); x ∈ R 2 } = {0, 3/2}.
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Whenever f is assumed to be Gâteaux differentiable, the following result was obtained by R. Deville 
Isolated points in the range of the derivative of a function
From now on, we say that a real-valued function on an infinite-dimensional Banach space X is a bump function if it has bounded nonempty support. We will denote by B(r) the set of all x * ∈ X * such that x * < r. If X is a Banach space, x ∈ X, and r > 0, we denote by B X (x,r) (resp., B X (x,r)) the open ball (resp., closed ball) in X of center x and radius r.
Proposition 4.1. If f is a continuous and Gâteaux differentiable bump function on X, then the norm closure of f (X) contains a ball B(r) for some r > 0.
Proof. The ranges of the derivative of f and of the function a f ((· − x 0 )/a) are the same. So, there is no loss of generality if we assume that f (0) = 0 and the support of f is contained in the unit ball. Furthermore, if the conclusion of the proposition holds for f , it also holds for − f . So we can assume that f (0) < 0. Let g ∈ X * be such that g < − f (0), fix ε arbitrary such that 0 < ε < − f (0) − g , and define ϕ(x) = f (x) − g(x) if x ≤ 1 and ϕ(x) = +∞ otherwise. According to the Ekeland variational principle, there exists x 0 such that ϕ(x) ≥ ϕ(x 0 ) − ε x − x 0 . We have x 0 < 1, otherwise x 0 = 1 and
This shows that the norm closure of f (X) contains the ball B(− f (0)).
In view of the above proposition, a natural conjecture would be that the norm closure of f (X) is norm connected, or at least that f (X) does not contain an isolated point. This is not so as shown by the following construction.
Theorem 4.2. Let X be an infinite-dimensional separable Banach space. Then, there exists a bump function f on X such that f is Gâteaux differentiable at every point, f is norm-toweak * continuous, and
Remark 4.3. According to the above discussion, 0 is not an isolated point of f (X), so necessarily f (0) = 0.
Proof. The theorem is proved using the following two lemmas. 
* be a sequence such that x * 1 = 0 and for every n, x * n ∈ W n . Since X is separable (resp., X * is separable), there exists on X a Lipschitz continuous bump function which is Gâteaux differentiable (resp., Fréchet differentiable) at each point. According to Lemma 4.4, there exists a Lipschitz continuous bump b n which is Gâteaux differentiable (resp., Fréchet differentiable) at every point, such that b n (X) ⊂ W n − x * n , with support in the unit ball and such that b n (x) = x * n+1 − x * n for all x satisfying x < δ n . Denote c 1 = 1 and for n ≥ 2, c n = 
Can all the derivatives be far away from each other?
The aim of this section is to investigate the following question: if X, Y are Banach spaces, is it possible to construct a mapping f : X → Y , everywhere differentiable, so that for every x, y ∈ X, if x = y, then f (x) − f (y) ≥ 1? We first notice that, under mild regularity assumptions, the answer to the above question is negative for real-valued functions.
Proposition 5.1. Let X be a Banach space and let f : X → R be a Lipschitz continuous (or merely locally uniformly continuous), everywhere Gâteaux differentiable function. Then, for every x ∈ X and every ε > 0, there exist y,z ∈ B X (x,ε) such that f (y) − f (z) ≤ ε.
Idea of proof.
Take any h ∈ X such that h is small enough, and consider the lower semicontinuous function defined by ϕ(y) = f (y + h) − f (y). The Ekeland variational principle then tells us the existence of y ∈ X, not far from x such that ϕ (y) ≤ ε. Therefore, if we denote z = y + h, then f (y) − f (z) ≤ ε, and y and z are not far from x. The answer to the above question will also be negative if f is everywhere Fréchet differentiable.
